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The packing number P(r, k, v) is defined to be the minimum number of non -empty subsets of 
cardinality s k needed to contain each element of a set of cardinal@ v exactly I’ times, with no 
pair of distinct elements occurring more than once. The packing numtirs P(3,4, v), P(5,3, v) 
and P(6,3, v) are completely determined and some other packing numbers determined. Tables 
of known packing numbers are given. 
1. 
Given a set V, of cardlnality U, an (a, k) packing of V is a collection of 
non-empty subsets, called blocks, of cardinality not greater than k with the property 
that every element of V occurs in precisely r block!; and no pair cf distinct 
elements *ccurs in more than one block. The packing number P(r, k, v) is the 
minimal r,umber of blocks required for an (r, k) packing. We will use R(r,, k, U) 
somewhat loosely to refer both to the minimal packing and its cardinslity.. The 
order of a packing is the cardinal@ of the largest block appearing in i:. 
Much is known about generalized packing numbers due to the work of Mullin 
[4] and Hoffman 131. In this paper we will give some further generalized packing 
numbers and give some constructions based an resolvable designs which are 
useful in constructing packings. In the next section we give some of the results of 
[3] and [4]. 
If h, k, 4 and h k, v2j 31-e triples of non-negative integers then (rl, k, u,) is 
said to dominate (rZ, k, v2) if rl D or, and v1 S, v.~. 
[4]. If ( rl, k, u,) dominates (r2, k, v2), then P(r,, k, v,PP(r,, k, v2). If 
kl 3 kz, then P(r, kl, v) s B(r, k2, v). 
WI* If is an (r, k) packing of osder I of a u --set V and if 
block,q 2 s r, then 
Table 1. u,,k 
p$,,,, 
I 2345 6 7 
I 
3 4 10 20 35 56 Ll-.-- 4 5 1s 35 70 126 5 6 21 56 126 252 6 7 28 84 210 462 
3. The packing embers P(3,4, w) 
By Theorem 2.5, P(3,4, u) = [fvl for IJ 5 20. We determine the remaining 
small cases. 
P(3,4,4) = 6. This is a packing of order two consisting of all pairs from 
{1,2,3,4)* 
P(3,4,5) = 7. Thr; symbol 5 cannot be added to more than one block of the 
(3,4) packing on 4 elements and therefore P(3,4,5) * 7. 
145 25 3L, 
‘3 24 
12 35 
is a packing in 7 blocks. 
Now. P(3,4,7) zs P(3,4,5) = 7 and the (7, ‘7,3,3,1) balanced incomplete block 
design is a-n example of a (3,4) packing on 7 elements. Thus P(3,4,7) = 7 and 
hence P(3,4,6) = 7. (For a definition of balanced incompiete block design, 
henceforth BIBD, see Cl]). 
sing ‘Lemma 2.2, P(3,4,8) a 9, But P(3,4,9) = 9, the packins obtained by 
3 resolution clusses of the resolvable (see, for example, [S] for a definition) 
0 ts. 
is a ptwking fn 10 blocks. P(3,4,14) a 11 and 
123 4 3 5 9 12 4 7 9 13 
1 5 7 14 4 6 8 12 11 12 13 14 
1 8 9 30 2 6 10 13 14 7. 
2 5 8 11 3 7 10 11 
NOW take a resolution of the (9,12,4,3,1) BIBD (4 resolution classes each with 3 
blocks) and assume, without loss of generality, that the first class is 
1 2 3 
4 5 6 
7 8 9. 
In the second resolution class replace 1,2 and 3 by 10,ll and 12 respectively. In 
the third class replace 4,5 and 6 and in the fourth class 7,8 and 9. This gives a 
packing of 12 elements and can be done in such a way that no repeated pairs are 
introduced. Now adjoin to each class one of the symbols {13!, 14,15,16]. This 
gives 
1 2 3 13 10 4 7 14 1 11 9 1s 1 6 10 16 
4 5 6 13 11 5 8 14 3 10 8 15 2 4 11 16 
7 8 9 33 12 6 9 14 2 12 7 1!5 3 5 12 16. 
This shows that P(3,4,15) = P(3,4,16) = 12. Now replace the 13 in the block 
1 2 3 13 by 17 and replaze 10 4 7 14 by 10 4 7 17. Add tne extra block 
13 14 17. This demonstrates that P(3,4,17? = 13. Replace 3 10 8 15 by 
3 10 8 18 and 2 4 11 16 by 2 4 11 18 and add the block 15 16 18 to 
establish that P(3,4,18) = 14. 
Now, by Theorem 2.5, 9) 2 15 and hence 
P(3,4,19) = 15. This completes t 
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It is well known [S] that a resolclable triple system alwayls exists if u = 6t + 3 (t a 
non-negative integer). Such a system has parameters (6t + 3, (2~ f 1)(3t + l), 3t + 
1,3,1) and ea,& resolution class contains 2t + 1 blocks. 
e -If v = 6t + 3 + r. \(2t+ l)/rJ (t a non-negatiue integer), then 
P(r, 4, u) s r(2t -t 1) (Lx J denotes the floor furrction, the greatest integer not greafer 
thkxn ). 
. Take a resolvable triple system on 6t + 3 symbols and to the blocks of a 
resolution class adjoin L(2t + 1)/r] elements r times each. Do this for r resolution 
classes. The resulting structure contains u poi.nts r times, has 6t + 3 blocks and 
contains no repeated pairs. 
. If r 12~~ 1, then P(r,4,8t+4)=6t+3. 
roof. If r\2t+l then the u of Theorem 3.1 is 8t+4. Also, P(r,4,8t+4)>6t+3 
and hence equality holds. 
This construction : an, ot’ course, be generalized to use the resolvable designs 
with block size 4 to give packing P(r, 5, u). 
5. 
The packing numbers P(5, :3, u), 2) 6 10, have 
F:rom Table 1, P(5,3, u) = r$u] for u 3 21. We 
been determined by Mullin [4]. 
determine the packing numbers 
P(5,3, o), 11 s u g 20, thus completing this case. In every cast:, the packing 
number is equal to the lower bound of Lem:ma 2.3. We list these lower bounds 
below. 
11 12 13 14 15 16 17 18 19 20 
;wxbound 19 20 22 24 25 27 29 301 32 34 
P(5,3,15) is obtained by taking 5 resolution iclasses of the resolvable triple 
system on 15 points. 
Suppose, with,out loss of generality, that the first resolution class is 
1 2 3 
4 5 6 
7 8 9 
10 13. 12 
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There are seven rc:solution classes. Disregard the class(es) containing the pairs 3 6 
and 9 12. Replaced 3, 6, 9 and 12 in the class listed above by 115 and add the 
blocks 3 6 16 aad 9 12. Choose four more of the resolutiorl classes. The 
resulting configuration is a packing of 16 points with 27 blocks. 
We show that P(S, 3,11) = 19 by exhibiting the following packing, 
Minimal packing on 11 points 
1 2 3 26 9 3 4 e 9 11 
1 4 5 2 5 10 4 7 9 
1 6 7 2 4 11 4 6 10 
1 8 9 3 7 10 5 7 11 
1 IO 11 3 6 11 5 6 8 
2 7 8 35 9 8 10 
The minimal packing on 13 points is devised from the (5,3) packing on 10 
points and shows that P(5,3,13) = 22. 
Minimal packing on 13 points 
1 2 3 2 5 10 4 6 10 9 11 12 
1 4 5 2 4 11 2 6 12 8 11 13 
1 6 7 3 6 11 3 7 13 9 10 13 
1 8 9 35 9 5 7 12 12 13 
1 10 11 34 8 5 6 13 
2 7 13 47 9 8 10 12 
The following packing shows that P&3,12:1 = 20. 
Minimal packing on 12 points 
16 9 5 4 10 1 7 12 9 10 11 
38 9 7 6 10 2 8 12 12 3 7 
52 9 1 5 11 3512 4 2 4 
74 9 2 7 11 4 6 12 5 6 8 
1 8 10 3 6 11 
3 2 10 4 8 11 
The minimal packing on 18 points is constructed by putting together two copies 
of the (5,3) packing on 9 points written on different sets and shows that 
P(5,3,18) = 30. 
Minimal packing on 18 points 
1 2 3 3 6 7 10 13 17 IO 15 4 
1 4 8 1 6 14 10 14 18 10 16 5 
1 5 9 1 7 15 13 14 15 11 13 6 
4 5 6 2 416 11 14 16 11 18 7 
2 5 7 2 9 18 11 15 17 12 14 8 
2 6 8 3 5 17 16 17 18 12 17 9 
7 8 9 3 8 13 12 13 18 
3 4 9 10 11 12 12 15 16 
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The minimal packing on 19 points is constructed from the packings on 10 and 9 
points. It showci tl.at P&3,19) = 32. 
Minimal packing. on 19 points 
* _ 
X8 3 7 3 8 4 10 9 37 12 16 8 18 9 5 9 10 8 16 9
1 5 7 3 5 9 13 14 19 11 16 6 
1 6 9 11 12 13 13 16 17 11 17 10 
4 5 6 11 14 18 1 10 14 12 14 3 
2 4 9 ?l 15 19 2 7 17 12 19 6 
2 510 14 15 16 3 8 15 13 15 7 
2 6 8 12 15 17 4 7 18 13 18 
‘The minimal packing on 20 points is built from two copies of the P(5,3,10) 
packing and shows that P(5,3, ‘20) = 34. 
Minimal packing on 20 points 
12 3 3 4 10 11 15 17 6 11 20 
14 8 3 5 9 11 16 19 9 12 17 
15 7 1 10 16 14 15 16 10 13 18 
16 9 2 7 19 12 14 19 10 14 17 
45 6 3 8 20 12 15 20 7 15 18 
24 9 4 7 16 12 16 18 3 6 
2 5 10 5 8 20 17 18 19 13 16 
26 8 11 12 13 13 14 20 
78 9 11 14 18 13 15 19 
Now take the rcven resolution classes of the resolvable design on 15 points and 
suppose that one of them is the one listed at the beginning of this section. 
Excluding this c?ass select five others. In all of these classes 1,2 and 3 and 7,8 
and 9 appear in separate blocks. Replace 1,2 and 3 by 16 in one class and 7,8,9 
and 17 in another and add the blocks 
1 216 7 8 17 
3 16 9 17. 
This is a packing of 17 points in 29 blocks. 
Finally, we show that P(5,3,14) = 24 by exhibi:mg the following packing. 
Minimal packing on 14 pints 
14 2 9 14 8 10 1812 5 7 13 
359 7 2 ‘10 3 2 12 6 8 13 
569 ‘I 6 11 5 4 12 1 5 14 
78 9 3 8 11 7 6 12 9 a0 11 
1 4 10 5 ?I4 11 1 3 13 2 14 
3 6 10 7 4 11 2 4 13 12 13 
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The packing numbers P(6,3, u), v c 13, were determined by Muhin [4j. From 
Table 1, for v 3 28, P(6,3, U) = 2v. It remains to determine P(6,3, v), 14 s v s 
27. The lower bounds for these v are shown below. 
14 15 16 17 18 19 20 21 22 23 24 25 26 27 
;wrbound 28 30 32 34 36 38 40 42 44 46 48 50 52 54 
A packing on 14 points which demonstrates that P(6,3,14) = 28 is shown below. 
Minimal packing on 14 points 
14 2 9 12 4 10 13 6 11 1 8 12 
3 4 9 3 6 10 3 8 11 3 2 12 
5 6 9 5 8 10 5 2 11 5 4 12 
7 8 9 7 2 10 7 4 11 7 6 32 
1 3 13 1 5 14 14 1 10 
2 4 13 2 6 14 12 1 11 
5 7 13 3 7 14 13 1 9 
6 8 13 4 8 14 9 10 11 
There is a resolvable triple system on 15 points with seven resolution classes. 
Choosing any six gives a packing on 15 points and shows that P(6,3,15) = 30. 
Now suppose, without loss o* generality, that one class has the form 
1 2 3 
4 5 6 
7 8 9 
10 11 12 
13 14 15. 
Exclude this class and consider the remaining six classes. There is a class (in fact, 
two) in which 1,2,4 and 5 are in different blocks. Replace these occurrences by 
16 and add the blocks 
1 2 16 and 4 5 16. 
The resulting configuration is a (6,3) packing of 16 points, demonstrating that 
P(6,3,16) = 32. 
There is another class in which 7,8,10 and 11 are in different blocks. Replace 
these occurrences by 17 and add the blocks 
7 8 17 and 10 11 17. 
This gives a packing of 17 points and, hence, P(6,3,17) = 34. 
There is a further class in which 13 and 1 are in diBerent blocbcs. 
by 18 and replace the bloc 4 5 16 and 10 1 17 by 4 5 18 a 
respectively. Add the blo 16 1’7 18 and 13 14 to give a 
P(6,3,18) = 36. 
.- ./ . . . 
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The same type of construction ckLn ‘be used, starting from the resolvable triple 
system on 2 1 points. First of ah, bj taking six resolution Jasses of the 
(21,20,10,3,1) design we establish tha P(6,3,21) = 42. Suppr>e, without loss of 
generality, that one of the classes is 
1 2 3 
4 5 6 
7 8 9 
10 11 12 
13 14 15 
16 17 18 
19 20 21 
and exclude it from consideration. 
Select one of the other resolution classes in which 1,2,4 and 5 are in different 
blocks and replace their occurrences by 22. Adjoin any five of the remaining 
resolution classes and the blocks 1 2 22 and 4 5 22. 
Now take the class selected above and choose another in which 7,8,10 and 11 
are in different blocks. Replace them t)y 23 and add the bllocks 7 8 23 and 
10 11 23 and four of the remaining classes. 
Taking these two classes, choose another in which 13,14,16 and 17 are in 
,dffferent blocks. Replace them by 24 and add the blocks 13 14 24 and 16 17 24 
and three other resolution classes. 
Finally, take these three classes and iz class in which 19 and 20 are in distinct 
Hocks. Replace them by 25 and replace one occurrence of each of 23 and 24 by 
25. Add the blocks 23 24 25 and 19 20 25. We have shown that P(6,3,22) = 
44, P(6,3,23) = 46, P(6,3,24) = 48 an-’ I J P(6,3,25) = SO. Mullin [4] also gives a 
construction producing a (6,3) pac4infJ oil 25 points. 
P&,3,27) is obtained by taking six resolution classes of the resolvable triple 
system on 27 points and, heace, P(6,3,27) = 54. 
Taking two copies of the (13,26,6,3,1) e written on the symbols 
-0 2 9 I*‘*¶ 13} and the other on {14,1.5,. . . , that P(6,3,26) = 52. 
There remain the cases v = 19 and 20. Both of these packings are obtained by 
combining the P(6,3,10) packing with the P(6,3,9) and P(6,3,10) packings 
respectively. Below is a packing on 19 points 
Minimal packing on 19 points 
P.-P -I__W__--.-. 
1 2 3 3 6 8 I 5 17 1 11 15 
f 4 9 4 710 1 6 18 7 13 16 
1 8 10 11 12 13 2 4 11 2 12 14 
4 5 6 14 15 16 2 8 19 10 12 16 
2 5 7 17 21J 19 3 4 12 6 12 17 
2 6 9 11 14 19 3 7 39 3 13 14 
7 8 9 13 16 117 4 8 13 9 13 15 
5 10 12 15 18 6 7 11 8 14 ‘17 
16 19 10 15 19 5 iS 17 10 14 18 
!! 6 18 9 11 18 
--m __I_” 
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and also a packing on 20 points. 
Minimal packing on 20 points 
12 3 11 12 13 1 5 19 1 11 15 
14 9 11 14 19 1 6 17 7 11 16 
1 8 110 11 18 20 2 4 11 2 i2 14 
45 6 14 15 16 2 & 20 10 12 18 
25 7 12 15 17 3 4 12 2 13 14 
26 9 12 16 19 3 7 19 9 13 17 
78 9 17 18 19 4 8 13 6 14 18 
3 5 10 13 15 20 5 8 17 7 15 18 
36 8 13 16 18 6 10 16 5 16 20 
4 7 10 14 17 20 9 10 15 9 19 20 
83 
This completes the determination of P(6,3, u). 
7. Some packing numbers P&4, w) 
Mullin [4] has calculated P(S, 4, U) for ZI s 16. From Table 1, for v 2 56, 
P&4, v) = [$v] _ In this section we give some easily established packing numbers 
in the range 17~ v S 55. The lower bounds fo: these packing numbers are given 
below. 
17 18 19 20 21 22 23 24 25 26 27 28 29 
fbwerbound 22 23 24 25 27 28 29 30 32 33 34 35 37 
30 31 32 33 34 35 36 37 38 39 40 41 42 
kverbound 38 39 40 42 43 44 45 47 48 49 50 52 53 
43 44 45 46 47 48 49 50 51 52 53 54 55 
kwbound 54 55 57 58 59 60 62 63 6’4 65 67 68 69 
y Theorem 3.1, P(5,4,20) s 25 and so we may immediately conclude that 
4,20) = 25. For 21= dV ‘%, there is a resolvable block design with block size 4 
([2j) and taking 5 resolutisn classes gi acking with P(5,4,28) = 35. Taking 
two copies of the (16,20,5,4,1) them on the sets 
(1 2 9 9***9 16) and {17,18, . . . , 32) we see that P(5,4,32) 
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Some other packing numbers are readily determined 
resolvable design on 15 points. 
1 2 5 1 3 9 1~ 4 15 
3 14 15 2 815 <! 9 11 
4 6 12 4 11 13 3 10 12 
7 8 11 5 12 14 5 7 13 
9 10 13 6 710 6 8 14 
1 6 11 1 8 10 1 7 14 
2 7 12 2 13 14 2 4 6 
3 8 13 3 4 7 3 5 11 
4 9 14 5 6 9 6 13 5 
5 10 15 11 12 5 8 9 12. 
from these:. Consider the 
Adjoining 16 to the blocks of the first class, 17 to the blocks of the second, and so 
on, we get a packing of 20 points, using 5 of these classes. 
Now consider the blocks 
1 2 5 16 
6 7 10 17 
3 8 13 19 
4 9 14 19 
If 12 15 20. 
Replacing 16.17, 19,19 and 20 by 21 a.nd add the blocks 16 17 19 20 and 19. 
The resu?: is a pa.:king of 21 points in 27 sets. So P(5,4,21) = 27. 
NOW consider the resolvable design on 28 points and select any five resolution 
classes except (say) 
1 2 3 4 
5 6 ?’ 8 
9 10 11 12 
13 14 15 16 
17 1.8 19 20 
21 22 23 24 
25 26 27 28. 
In all o? the selected classes, 1,2 and 3 OCCUT in
x>eplace *ihem by 29 and add the bIocks 29 1 2 
separate blocks. In one class, 
3 and 29 to give a packing 
demonstrating that P(5,4,29) = 37. w replace 5,6 and 7 in another class by 
30, add xhe block 5 6 7 30 and ch 3 the block 29 to 29 30. This shows that 
P(5,4,30) = 38. Replacing 9,10 and 11 in another class by 3 1, adding 
9 10 11 31 and forming 29 30 31 shuws that P(5,4,31)= 39. Replacing 13,14 
er class by 32, adding 13 14 15 32 and forming 29 30 3 1 32 
,4,32) = 40 (w%ch we showed above),. Finally, we may replace 
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2 3 4 5 6 
3 6 6 8 9 
4 6 8 10 12 
4 7 8 13 15 
4 7 11 15 15 
5 7 12 17 21 
6 8 12 18 23 
6 9 12 18 24 
7 10 14 19 25 
8 11 15 19 26 
8 12 16 20 26 
9 13 18 22 26 
10 14 19 24 28 
2 3 4 5 6 
10 15 20 25 30 
11 16 22 27 32 
12 17 23 29 34 
;2 18 24 30 36 
13 19 26 32 38 
1~‘. 20 27 34 40 
14 21 28 35 42 
15 22 30 37 44 
16 23 31 39 46 
16 24 32 40 48 
17 25 34 42 50 
18 26 35 44 52 
Table 3. P(r, 4, u) 
- 
r 
\ 
1 *4 dr 3 4 5 6 
- 
4 4 6 8 10 12 
5 4 7 8 13 15 
6 4 7 11 15 18 
7 5 7 12 17 21 
8 5 P 12 18 23 
9 5 3 12 18 24 
10 5 9 13 19 25 
11 6 9 13 19 26 
12 6 9 13 19 26 
13 7 10 13 20 26 
14 7 11 14 20 27 
15 8 12 15 20 28 
16 8 12 16 20 28 
17 9 13 17 22 
l8 9 14 18 23 
19 10 
20 I 10 
15 19 24 
15 20 25 
21,ll 16 21 27 
22 11 17 22 28 
23 12 18 23 29 
24 12 18 24 30 
25 13 19 25 32 
26 13 20 26 33 
27 14 21 27 34 
Z8 I 14 21 28 .!5 42 
29 15 22 29 37 44 
r \I 0 2 3 4 5 6 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
- 
15 23 30 3)3 
16 24 31 39 
16 24 32 40 
17 25 33 42 
17 26 34 4.3 
18 27 35 44 
lS 27 36 45 
19 28 37 G 
19 29 38 48 
20 30 39 49 
20 30 40 50 60 
21 31 41 52 
21 32 42 53 
22 33 43 54 
22 33 44 55 
23 34 45 57 
23 35 46 58 
24 36 47 59 
24 36 48 60 
25 37 49 62 
25 38 50 63 
26 39 51 64 
26 39 52 65 78 
27 40 53 67 
27 41 54 68 
28 42 55 69 
-p-- 
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17,18 and 19 by 33 in the remaining clans and add the blocks 17 18 19 33 and 
33 to show that P(5,4,33) := 42. 
This construction may be used starting from any resolvable design with at least 
r + 1 resolution classes and hence can ‘be used to show that P(5,4,41) = 52, 
P(S, 4,42) = 53, P(5,4,43) = 54, P(5: 4,44) = 55, P&4,45) = 57, P(5,4,53) = 
67, p(5,4,54) =68 and P1:5,4,55) = 69. The construction may also be easily 
generalized for greater values of r. For example, it is easy to see that P(6,4,24) = 
44 by extending the resolvable design on 28 elements. 
own packing numbers 
Tables 2 and 3 are not intended to prove an exhaustive list of known packing 
numbers but rather to gather them into a convenient form. 
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